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E-mail address: l-keer@northwestern.edu (L.M. KeThe elastic ﬁeld caused by the lattice mismatch between the quantum wires and the host matrix can be
modeled by a corresponding two-dimensional hydrostatic inclusion subjected to plane strain conditions.
The stresses in such a hydrostatic inclusion can be effectively calculated by employing the Green’s func-
tions developed by Downes and Faux, which tend to be more efﬁcient than the conventional method
based on the Green’s function for the displacement ﬁeld. In this study, Downes and Faux’s paper is
extended to plane inclusions subjected to arbitrarily distributed eigenstrains: an explicit Green’s function
solution, which evaluates the stress ﬁeld due to the excitation of a point eigenstrain source in an inﬁnite
plane directly, is obtained in a closed-form. Here it is demonstrated that both the interior and exterior
stress ﬁelds to an inclusion of any shape and with arbitrarily distributed eigenstrains are represented
in a uniﬁed area integral form by employing the derived Green’s functions. In the case of uniform eigen-
strain, the formulae may be simpliﬁed to contour integrals by Green’s theorem. However, special care is
required when Green’s theorem is applied for the interior ﬁeld. The proposed Green’s function is partic-
ularly advantageous in dealing numerically or analytically with the exterior stress ﬁeld and the non-uni-
form eigenstrain. Two examples concerning circular inclusions are investigated. A linearly distributed
eigenstrain is attempted in the ﬁrst example, resulting in a linear interior stress ﬁeld. The second example
solves a circular thermal inclusion, where both the interior and exterior stress ﬁelds are obtained
simultaneously.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
As the length scales of semiconductor structures approach the
de Broglie wavelength of the carriers, electron motion is conﬁned
and quantum effects arise (Bimberg et al., 1999). When these tiny
objects are embedded in a host matrix with differing lattice con-
stants, they are known as quantum wells (QWs) (Chang et al.,
1974), quantum wires (QWRs) (Petroff et al., 1982), or quantum
dots (QDs) (Reed et al., 1986), if the conﬁnement is one, two, or
three-dimensional, respectively. Due to their unique mechanical,
electrical and optical properties, quantum semiconductors are of-
ten considered as possible building blocks for innovatory optoelec-
tronic and other microelectronic devices (Cui and Lieber, 2001;
Ledentsov and Bimberg, 2003).
The elastic ﬁeld induced by the lattice mismatch between the
QDs/QWRs and the host matrix can impact the optoelectronic
properties of the devices (Johnson and Freund, 2000) and plays
an important role during the formation of the self-assembled semi-
conductor quantum devices (Grundmann et al., 1995). The lattice
mismatch is considered as an eigenstrain (King and Mura, 1991),ll rights reserved.
: +1 847 467 3427.
er).denoted as eij, where eigenstrain is a generic name given to non-
elastic strains that arise from any inelastic deformation, such as
in thermal expansion, plasticity, phase transformation, etc. The
term inclusion (Mura, 1991) refers to a subdomain, X, in a material
with identical elastic moduli, where an eigenstrain is prescribed in
X and null in the remainder of the material (matrix). The subdo-
main X is called an inhomogeneity when its material properties
differ from those of the matrix. In view of the equivalent inclusion
method (Eshelby, 1957), the inhomogeneity problem is closely re-
lated to the inclusion problem.
From a continuum mechanics viewpoint, the calculation of the
stress ﬁeld in a QWR system can be performed by employing a
two-dimensional inclusion model (Maranganit and Sharma,
2005; Ovid’ko and Sheinerman, 2005): the cross section of the wire
placed in the x y plane is buried within an inﬁnite medium of the
surrounding matrix, and the inclusion is inﬁnitely extended along
the longitudinal z-axis direction of the wire. Such a plane strain
inclusion model ignores the difference in material constants be-
tween the QWR and the matrix (Pan et al., 2005). Yet, it can still
yield reasonable estimation with remarkable computational efﬁ-
ciency (Niwa et al., 1990; Ramsey et al., 2008).
The inclusion problem has been regarded as being of fundamen-
tal importance in materials science since Eshelby’s pioneering
Fig. 1. A theoretical shortcut: comparison of the solution strategies based on the
new Green’s function (GF) for stress and the conventional GF for displacement.
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contributions have been made in this research ﬁeld, as reported in
two earlier literature surveys (Mura, 1988; Mura et al., 1996). More
recent publications on analytical studies have also explored vari-
ous aspects of related inclusion problems. Rodin (1996) presented
algorithmic closed-form of Eshelby tensors for arbitrary polygonal
and polyhedral inclusions. Markenscoff (1997) proved that the
stresses in polyhedral inclusions subjected to uniform eigenstrain
are non-uniform and established the class of shapes that may sus-
tain constant eigenstresses. Nozaki and Taya (1997, 2001) obtained
exact solutions for the interior stress ﬁeld of a polygonal or polyhe-
dral inclusion. Ru (1999) investigated the interior stress ﬁeld of an
inclusion of arbitrary shape in a plane or half-plane, by employing
the techniques of analytic continuation and conformal mapping.
Taya (1999) considered a piezoelectric composite by converting
to Eshelby’s equivalent inclusion problem. Cheng et al. (1999) de-
rived the closed-form solution for a rectangular inclusion subjected
to quadratic eigenstrains. Liu and Wang (2005) solved the elastic
ﬁeld due to uniform eigenstrains in a rectangular parallelepiped
inclusion in a half-space. Their analytical solution was imple-
mented for numerical evaluation of the stress ﬁeld caused by
arbitrarily distributed eigenstrains in a half-space using the
three-dimensional Fast Fourier Transform (3D FFT) algorithm.
Kuvshinov (2008) presented analytical expressions for polyhedral
inclusions in a piezoelectric bi-material.
Other than Mushhelishvili’s complex variable method, as em-
ployed in Ru’s 2D analysis (1999), the most widely used analytical
method to solve the inclusion problem is the Green’s function ap-
proach. A classical solution strategy, as in (e.g., Cheng et al., 1999;
Nozaki and Taya, 1997), resorts to the Kelvin solution: the dis-
placement ﬁeld caused by a unit body force applied in an inﬁnitely
extended material. Because eigenstrain can be treated mathemat-
ically as a body force (Mura, 1991, p. 6), the displacement ﬁeld in
an inclusion problem can be determined by evaluating integrals
over the inclusion domain. The total strain, i.e., the summation of
elastic strain and eigenstrain, is related to the eigenstrain in terms
of Eshelby’s tensor, and the elastic strain components are used to
calculate the stress ﬁeld from Hooke’s law. Since the elastic strain
is the total strain in the matrix and total strain minus eigenstrain in
the inclusion, this apparent discontinuity in the elastic strain
expression may lead one to believe there exists no uniﬁed expres-
sions for the Green’s functions for the stress ﬁeld for both the inte-
rior and exterior ﬁeld to the inclusion. However, such Green’s
functions (Downes and Faux, 1995) have been reported for the
stress ﬁeld in a QWR system. The QWR are modeled by a hydro-
static inclusion, where the three normal eigenstrain components
take the same constant value while all the shear eigenstrains van-
ish inside the inclusion. In their following studies, Faux et al. (1996,
1997) presented an efﬁcient method to evaluate the stress ﬁeld
caused by the hydrostatic inclusion of arbitrary shape. They solved
for both the internal and external stress ﬁeld due to the inclusion
in a uniﬁed form, based on the Green’s function for the stress ﬁeld.
Downes and Faux’s study (1995) has motivated the present
work to obtain the Green’s functions for the stress ﬁeld of a gen-
eral inclusion with arbitrarily distributed eigenstrain compo-
nents. Such Green’s functions can directly evaluate the stress
components due to the excitation of a point eigenstrain, and
both the interior and exterior stress ﬁelds to the inclusion can
be formulated as a uniﬁed area integral over the plane inclusion.
On the other hand, for an inclusion subjected to non-uniform
eigenstrains, the conventional approach based on Lord Kelvin’s
solution has to conduct (Fig. 1): calculation of the displacement,
evaluation of the total strain, determination of the elastic strain,
and separate computation of the interior and exterior stress
ﬁelds. For an inclusion problem, the stress ﬁeld is usually
regarded as more important than the displacement ﬁeld. Aninteresting study by Markenscoff (1996) demonstrated that the
displacement conditions at the interface may be expressed in
terms of strain, or equivalently stress by Hooke’s law, which
facilitates the solution of an elasticity problem in the stress for-
mulation. Moreover, in the case of numerical computation, when
the stress ﬁeld is known, the calculation of the strain ﬁeld is
straightforward and only involves linear algebraic operations of
Hooke’s law. This is advantageous in contrasting with program-
ming the necessary differentiation manipulations (Ramm and
Smirnova, 2001) with respect to the displacement ﬁeld. The
development of the new Green’s functions for stresses therefore
provides a shortcut between the elastic stress and eigenstrain
with signiﬁcant computational acceleration, as illustrated in
Fig. 1.
In this study, the Green’s functions for the stress ﬁeld due to the
excitation of a point eigenstrain source in an inﬁnite plane are ob-
tained in closed-form. The Green’s functions are associated with
the mixed second-order partial derivatives of the functions appear-
ing in a rectangular inclusion solution (Chiu, 1980), which is given
in a uniﬁed form for both the exterior and interior ﬁelds. An impor-
tant feature of the Green’s functions for the stress ﬁeld is that they
possess one order higher singularity than their counterpart for the
displacement ﬁeld. Careful treatment of the singularity is required
in computing the stress ﬁeld inside the inclusion. Moreover, when
modeling the QWR by the plane strain inclusion, it is necessary to
take into account the normal eigenstrain component in the longi-
tudinal direction, i.e., ez . It is demonstrated that its contribution
to the in-plane stress components can be effectively compensated
by adjusting the Poisson’s ratio in the 2D inclusion solution (Ru,
1999), where only the in-plane eigenstrain components are
considered.
Another known issue is that the analytical calculation for that
the exterior ﬁeld problem is usually nontrivial (Ru, 1999). In the
sense of numerical computation, however, since no singular points
are present in the exterior ﬁeld, the present Green’s function for-
mulae may provide a preferable numerical tool once an effective
and general quadrature scheme is developed. In principle, the pro-
posed methodology can be extended to 3D study based on the
available solutions (Chiu, 1977; Liu and Wang, 2005). Because of
their distinctive singular nature and also some resemblance of
the attributes of the Green’s functions, this study will provide com-
plementary information to the traditional method based on Kel-
vin’s Green’s function, e.g., (Cheng et al., 1999; Nozaki and Taya,
1997). Last but not least, the present analysis can be directly ap-
plied to model the WQRs, facilitating a better communication be-
tween the solid mechanics school and the QD/QWR research
community (Maranganit and Sharma, 2005).
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2.1. Rectangular inclusion with uniform eigenstrain
Consider an inﬁnite isotropic elastic plane containing a rectan-
gular subdomain, X4, in which a uniform eigenstrain ﬁeld,
ex; ey; cxy
 
, is prescribed. The rectangle is centered at ðn;gÞ of the
Cartesian system, with its sides of length Dx and Dy parallel to
the coordinate axes (Fig. 2). The stress ﬁeld has been solved by
Chiu (1980), with minor misprints corrected in the present Appen-
dix A. The resulting elastic ﬁeld located at ðx; yÞmay be represented
in terms of the following ﬁve functions
k1ðu; vÞ ¼  tan1 uv þ
uv
2ðu2 þ v2Þ ; k2ðu; vÞ ¼ k1ðv; uÞ
k3ðu; vÞ ¼  uv2ðu2 þ v2Þ
k4ðu; vÞ ¼ 14 Inðu
2 þ v2Þ þ 2v
2
u2 þ v2
 
; k5ðu;vÞ ¼ k4ðu;vÞ
ð1Þ
as
rxðx; y; n;gÞ
ryðx; y; n;gÞ
sxyðx; y; n;gÞ
0
B@
1
CA ¼ 4lpðjþ 1Þ
X2
a¼1
X2
b¼1
ð1Þaþb

k1ðxa; ybÞ k3ðxa; ybÞ k4ðxa; ybÞ
k3ðxa; ybÞ k2ðxa; ybÞ k5ðxa; ybÞ
k4ðxa; ybÞ k5ðxa; ybÞ k3ðxa; ybÞ
2
64
3
75
ex
ey
cxy
0
B@
1
CA
ð2Þ
where l is the shear modulus of the material, j is Kolosov’s
constant:
j ¼ 3 4m; in plane strain
j ¼ 3m1þm ; in plain stress
(
ð3Þ
and m is Poisson’s ratio. The variables xa; yb, in Eq. (2) represent the
x; y components of the four vectors, each directed from a vertex of
the rectangle to the response ﬁeld point ðx; yÞ:
xa ¼ x nþ ð1Þa Dx2 ; yb ¼ y gþ ð1Þ
b Dy
2
; ða;b ¼ 1;2Þ
ð4Þ
The closed-form expression of Eq. (2) explicitly determines both the
stress ﬁeld inside and outside a rectangular inclusion subjected to
uniform eigenstrain. More importantly, it will be shown in the next
section that the Green’s functions for the stress ﬁeld are associated
with the mixed second-order partial derivatives of the functions
k1  k5.
In the above and throughout this paper, the inclusion is as-
sumed to be perfectly bonded to the matrix. It is therefore implic-Fig. 2. A rectangular inclusion with uniform eigenstrains in an inﬁnite elastic plane.itly required that the displacement as well as the stress
components across the interface should be continuous. This condi-
tion is sometimes inadequate, such as in the case of a sliding inclu-
sion (cf. Mura, 1991, p. 484), where the interface is smooth and can
not sustain any shear traction. For a sliding inclusion problem,
equivalency between the displacement based and the strain/stress
based interfacial conditions has been explored by Markenscoff
(1996) and her collaborators (Markenscoff and Wheeler, 1996;
Markenscoff and Jasiuk, 1998).
To simplify the presentation, normalized stress components
rx; ry; cxy are introduced:
rxðx; y; n;gÞ
ryðx; y; n;gÞ
sxyðx; y; n;gÞ
0
B@
1
CA ¼ 4lpðjþ 1Þ
rxðx; y; n;gÞ
ryðx; y; n;gÞ
sxyðx; y; n;gÞ
0
B@
1
CA ð5Þ
As an example, the stresses at the center of the rectangle are ob-
tained as
rx
ry
sxy
0
B@
1
CA ¼
f1 f3 0
f3 f2 0
0 0 f3
0
B@
1
CA
ex
ey
cxy
0
B@
1
CA ð6Þ
where
f1 ¼ 2DxDyDx2 þ Dy2  4 tan
1 Dx
Dy
f2 ¼ 2DxDyDx2 þ Dy2  4 tan
1 Dy
Dx
f3 ¼ 2DxDyDx2 þ Dy2
ð7Þ
Considering a uniform distribution of eigenstrain in a local rectan-
gular element, the following equivalency property is observed for
this elementary solution. If the rectangular domain shown in
Fig. 2 is further discretized into a number of small patch elements,
formulae (2) and (4) demonstrate that the resultant stress ﬁeld cal-
culated by superposing contributions from the reﬁned mesh will be
identical to the original result obtained from one entire element.
This fact shows that the eigenstrain problem may also be viewed
as an excitation-response mechanism as experienced in contact
mechanics. Consequently, a numerical treatment of an inclusion
of any shape subjected to arbitrarily distributed eigenstrains can
be performed by subdividing the computational domain into a hier-
archy of rectangular elements, each of which is approximated to
have uniform eigenstrains. The resultant elastic ﬁeld is obtained
by superposing each elementary contribution. Since Eqs. (2) and
(4) involve the convolution terms (Liu and Wang, 2005), it is worth-
while to note that the FFT technique may be applied in the numer-
ical computation.
2.2. Unit concentrated point eigenstrain solution
From Eqs. (2) and (5), the normalized stress component at the
response point ðx; yÞ due to the rectangular excitation centered at
ðn;gÞ takes the following form:
rðx; y; n;gÞ ¼ e
X2
a¼1
X2
b¼1
ð1Þaþbkðxa; ybÞ ð8Þ
Using a limit process, the stress ﬁeld produced by a concentrated
unit source eigenstrain can be found directly from Eq. (8):
e ¼ 1
DxDy
; Dx! 0; Dy ! 0 ð9Þ
The eigenstrain density function in Eq. (9) converges as a distribu-
tion (Stakgold, 1979, p. 106) to the delta function. In view of Eq.
(9), Eq. (8) becomes the unit point eigenstrain solution, Gðx; y; n;gÞ:
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Dx;Dy!0
1
DxDy
X2
a¼1
X2
b¼1
ð1Þaþbkðxa; ybÞ
¼ lim
Dx!0
1
Dx
X2
a¼1
ð1Þa
 lim
Dy!0
kðxa; y gþ Dy=2Þ  kðxa; y g Dy=2Þ
Dy
 
ð10Þ
The limit inside the square brackets above yields the partial deriv-
ative of k with respect to its second variable v. Denoting
k;u ¼ @k@u ; k;v ¼ @k@v, and k;uv ¼ @
2k
@u@v, Eq. (10) is simpliﬁed as
Gðx; y; n;gÞ ¼ lim
Dx!0
1
Dx
X2
a¼1
ð1Þak;vðxa; y gÞ
¼ lim
Dx!0
1
Dx
½k;vðx nþ Dx=2; y gÞ
 k;vðx n Dx=2; y gÞ ¼ k;uvðx n; y gÞ ð11Þ
When the response caused by a uniform rectangular excitation can
be written in the form of Eq. (8), it is seen from Eq. (11) that the re-
sponse caused by a concentrated unit source is determined from the
mixed second-order partial derivatives of the inﬂuence function of
the rectangular excitation. This approach can be extended to a 3D
analysis, as demonstrated in deriving the magnetic ﬁeld generated
by a rectangular current sheet from the solution of a rectangular
parallelepiped element (Jin et al., 2009). The methodology is appli-
cable to other point excitation studies. For instance, when a uniform
pressure, p, acts on a rectangular patch 2b1  2b2, the classical solu-
tion of the surface deﬂection, uz is given in (Love, 1927):
pE
1m2
uz
p
¼ðxþb1ÞIn ðyþb2Þþfðyþb2Þþðxþb1Þ
2g1=2
ðyb2Þþfðyb2Þþðxþb1Þ2g1=2
" #
þðyþb2ÞIn ðxþb1Þþfðyþb2Þþðxþb1Þ
2g1=2
ðxb1Þþfðyþb2Þþðxb1Þ2g1=2
" #
þðxb1ÞIn ðyb2Þþfðyb2Þþðxb1Þ
2g1=2
ðyþb2Þþfðyþb2Þþðxb1Þ2g1=2
" #
þðyb2ÞIn ðxb1Þþfðyb2Þþðxb1Þ
2g1=2
ðxþb1Þþfðyb2Þþðxþb1Þ2g1=2
" #
ð12Þ
where E is the Young’s modulus. After introducing the following
function
uðu; vÞ ¼ u In v þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ v2
p 
þ v In uþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ v2
p 
ð13Þ
Love’s solution (12) may be rewritten in the form of Eq. (8) as
pE
1 m2
uz
p
¼
X2
a¼1
X2
b¼1
ð1Þaþbuðxa; ybÞ
here with xa ¼ xþ ð1Þab1; yb ¼ yþ ð1Þbb2; ða;b ¼ 1;2Þ
ð14Þ
According to the present method, the surface deﬂection at ðx; yÞ
caused by the unit concentrated normal force acting at the origin is
uz ¼ 1 m
2
pE
@2uðx; yÞ
@x@y
¼ 1 m
2
pE
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2 þ y2
p ð15Þ
which agrees with the known solution (Johnson, 1985, p. 52).
The point excitation solution can be utilized as a Green’s func-
tion, and for the current study, the Green’s functions associating
the components of stress and eigenstrain are given by the follow-
ing symmetric matrix:Gðx; y; n;gÞ ¼
G1 G3 G4
G3 G2 G5
G4 G5 G3
2
64
3
75 ð16Þ
where
G1 ¼ Y
4 þ 6X2Y2  3X4
2R6
G2 ¼ X
4 þ 6X2Y2  3Y4
2R6
G3 ¼ X
4  6X2Y2 þ Y4
2R6
G4 ¼ XYðY
2  3X2Þ
R6
G5 ¼ XYðX
2  3Y2Þ
R6
ð17Þ
and X;Y;R are related to the relative position of the target and
source locations:
X ¼ x n
Y ¼ y g
R2 ¼ X2 þ Y2
ð18Þ
The Green’s functions in Eq. (17) have the following properties:
G1ðX; YÞ ¼ G2ðY ;XÞ; G4ðX;YÞ ¼ G5ðY;XÞ
GiðX; YÞ ¼ ki;uvðX;YÞ ¼ @
2kiðX;YÞ
@X@Y
; ði ¼ 1;2;3;4;5Þ
ð19Þ
For an inclusion X of any shape, subjected to arbitrarily distributed
eigenstrains ex; ey; cxy
 
, the stress ﬁeld inside and outside the
inclusion are found with the assistance of Green’s functions (Barber,
2002, p. 161):
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ Z Z
X
Gðx; y; n;gÞ
~ex
~ey
~cxy
0
B@
1
CAdndg ð20Þ
Except for the sign differences in the last two of Eq. (17), similar
expressions (Cheng et al., 1999) also appear in calculating the total
strain at the center of an inﬁnitesimal inclusion. Their calculations
(Cheng et al., 1999) can be simpliﬁed by identiﬁcation of the Green’s
functions in their derivation.
2.3. Singularity of the new Green’s functions
It is seen from Eq. (15) that the Green’s function for the surface
deﬂection caused by a normal point force at the surface of a half-
space have R1 singularities as R! 0, and this weak singularity is
integrable (Huang and Cruse, 1993). The same type of R1 singular-
ity is also present in the Kelvin Green’s function for the displace-
ment ﬁeld. However, the Green’s functions in Eq. (17) have R2
singularities, and the corresponding integrals exist in the sense of
Cauchy Principal Value (CPV) (Mikhlin, 1965). Particular care must
be taken when applying Eq. (20) to the interior ﬁeld problem. Two
commonly used approaches are as follows.
2.3.1. CPV method
This method has been used by Cheng et al. (1999) in developing
the closed-form solution for a rectangular inclusion subjected to
quadratic eigenstrains. To evaluate the stress components at a tar-
get point ðx0; y0Þ inside the inclusion X, ﬁrst take a small square
S : jx x0j < D; jy y0j < D, centered at ðx0; y0Þ. From the limit pro-
cess as the square S approaching to zero, i.e., D! 0þ, the stress
components, Eq. (20), at ðx0; y0Þ become
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ryðx0; y0Þ
sxyðx0; y0Þ
0
B@
1
CA ¼ lim
S!0
Z Z
XS
Gðx0; y0; n;gÞ
~ex
~ey
~cxy
0
B@
1
CAdndg
2
64
þ
Z Z
S
Gðx0; y0; n;gÞ
~ex
~ey
~cxy
0
B@
1
CAdndg
3
75 ð21Þ
For the second integral at the right hand side (RHS) of Eq. (21), as
the square S shrinks to zero, the eigenstrain terms can be removed
from the integration due to continuity. The limit of the second inte-
gral is thus equivalent to the stresses at the center of an inﬁnitesi-
mal square inclusion with uniform eigenstrain, obtained from Eqs.
(6) and (7) by setting Dx ¼ Dy ¼ D. The results are independent of
the limit D! 0þ:
lim
S!0
Z Z
S
Gðx0; y0; n;gÞ
~ex
~ey
~cxy
0
@
1
Adndg
2
4
3
5
¼
1 p 1 0
1 1 p 0
0 0 1
2
4
3
5 ~exðx0; y0Þ~eyðx0; y0Þ
~cxyðx0; y0Þ
0
@
1
A ð22Þ
In the ﬁrst integral at the RHS of Eq. (21), the neighborhood of the
singular point is excluded from the integral domain. The limit, if it
exists, of this integral as the square S shrinks to zero is the deﬁnition
of the 2D Cauchy Principal Value (CPV) integral by Tricomi (1928),
cf. Monegato (1994):
C:P:V:
Z Z
X
Gðx0; y0; n;gÞ
~ex
~ey
~cxy
0
@
1
Adndg
¼ lim
S!0
Z Z
XS
Gðx0; y0; n;gÞ
~ex
~ey
~cxy
0
@
1
Adndg
2
4
3
5 ð23Þ
It is noted that the value of a 2D CPV integral depends on the spe-
ciﬁc shape of the excluded region (Ioakimidis, 1990): The value will
differ from the above (23) if an inﬁnitesimal circle centered at
ðx0; y0Þ is removed from the integral domain.
There have been a number of numerical techniques available for
effective treatment of multidimensional CPV integrals: including
ﬁnite-part approach (Theocaris et al., 1980), reduction to a sum
of regular integrals (Guiggiani and Gigante, 1990), Taylor expan-
sion method (Aliabadi et al., 1985), quasi-interpolating splines
method (Cimoroni, 1997), etc.
2.3.2. Isolation of singularity
Alternatively, the singularity in Eq. (20) can be isolated by sub-
tracting and adding a corresponding singular term:
Z Z
X
Gðx; y; n;gÞ
~ex
~ey
~cxy
0
B@
1
CAdndg
¼
Z Z
X
Gðx; y; n;gÞ
~ex  ~exðx; yÞ
~ey  ~eyðx; yÞ
~cxy  ~cxyðx; yÞ
0
B@
1
CAdndg
þ
Z Z
X
Gðx; y; n;gÞdndg
~exðx; yÞ
~eyðx; yÞ
~cxyðx; yÞ
0
B@
1
CA ð24Þ
Now the Cauchy singularity is removed (Ioakimidis, 1981; Jin et al.,
2008a) in the ﬁrst integral at the RHS of (24), provided that the den-
sity functions of the eigenstrains, i.e., ð~ex; ~ey; ~cxyÞ, satisfy the Hölder
condition (Lee et al., 1980; Muskhelishvili, 1992) in X. Conse-
quently, the singularity only appears in the second integral at theRHS of (24). It is usually preferable to use the RHS of Eq. (24) to
evaluate the interior stress ﬁeld of an inclusion subjected to non-
uniform eigenstrains, since the separated singular term can either
be calculated analytically or further simpliﬁed by taking advantage
of the Green’s theorem. The latter is discussed in details in the fol-
lowing section.
2.4. Green’s theorem in the case of uniform eigenstrains
When the eigenstrain components are uniform, Eq. (20)
becomes
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ Z Z
X
Gðx; y; n;gÞdndg
ex
ey
cxy
0
B@
1
CA ð25Þ
The area integral in (25) may be further simpliﬁed by applying
Green’s theorem. When the response ﬁeld point ðx; yÞ lies outside
the inclusion X, corresponding to the exterior ﬁeld case, Green’s
theorem can be directly applied since the Green’s functions in Eq.
(17) are regular. However, care must be taken with the interior
ﬁeld, since the area integral in Eq. (25) contains a singularity. It is
demonstrated that the interior ﬁeld can be evaluated from Green’s
theorem, after adjustment of a constant compensation term made
to only one of the stress components. In the following, the notation
@X is used to refer to the boundary of the inclusion X, oriented in
the positive direction (Smith and Minton, 2006).
2.4.1. Exterior ﬁeld
When ðx; yÞ is located outside X, Green’s theorem can be di-
rectly applied to the area integral in Eq. (25), i.e.,Z Z
X
Gðx; y; n;gÞdndg ¼
I
@X
Kðx; y; n;gÞdn ¼
I
@X
Hðx; y; n;gÞdg
ð26Þ
where
Kðx;y;n;gÞ ¼
K1 K3 K4
K3 K2 K5
K4 K5 K3
2
64
3
75; Hðx;y;n;gÞ ¼
H1 H3 H4
H3 H2 H5
H4 H5 H3
2
64
3
75
ð27Þ
K1 ¼Yð3X
2þY2Þ
2R4
; K2 ¼ YðX
2þ3Y2Þ
2R4
; K3 ¼ YðX
2Y2Þ
2R4
;
K4 ¼ XðX
2Y2Þ
2R4
; K5 ¼ XðX
2þ3Y2Þ
2R4
; ð28Þ
and
H1 ¼ Xð3X
2 þ Y2Þ
2R4
; H2 ¼ XðX
2 þ 3Y2Þ
2R4
; H3 ¼ XðX
2  Y2Þ
2R4
H4 ¼ Yð3X
2 þ Y2Þ
2R4
; H5 ¼ YðX
2  Y2Þ
2R4
ð29Þ
Note that
Ki ¼ @kiðX;YÞ
@X
; Hi ¼  @kiðX;YÞ
@Y
; ði ¼ 1;2;3;4;5Þ ð30Þ2.4.2. Interior ﬁeld
When ðx; yÞ is inside X, Green’s theorem is not guaranteed to
be directly applicable, since the integrand has a singular point
at ðx; yÞ. The speciﬁc case when ðx; yÞ is located at the center of
a rectangular inclusion Dx Dy subjected to uniform eigenstrain,
is of interest. The contour integrals with respect to Ki; ði ¼ 1;3;
4;5Þ yield
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@X4
K1 dn ¼ 2DxDyDx2 þ Dy2  4 tan
Dx
DyI
@X4
K3 dn ¼ 2DxDyDx2 þ Dy2I
@X4
K4 dn ¼
I
@X4
K5 dn ¼ 0
ð31Þ
The outcomes above coincide with the corresponding results in Eqs.
(6) and (7). However,I
@X4
K2 dn ¼ 2DxDyDx2 þ Dy2  4 tan
Dy
Dx
þ 2p ð32Þ
If a compensation term,2p, is added to Eq. (32), the result will be-
come identical to f2 in Eq. (7). In summary, for ðx; yÞ at the center of
X4, the following results are found (cf. Eqs. (7), (31) and (32)):Z
X4
Z
Giðx; y; n;gÞdndg ¼
I
@X4
Ki dn; ði ¼ 1;3;4;5ÞZ
X4
Z
G2ðx; y; n;gÞdndg ¼
I
@X4
K2 dn 2p
ð33Þ
It is shown next that the modiﬁed version of Green’s theorem above
applies to any interior point ðx; yÞ of an arbitrarily shaped inclusion
X. First, a rectangle X4 centered at ðx; yÞ is removed from X (Fig. 3).
The sides of X4 of length Dx and Dy are parallel to the axes, and are
sufﬁciently small that X4 is within X. Green’s theorem can be di-
rectly applied in the domain XX4, and appears in the form of
Eq. (33) in X4. The contour integral on the interior boundary of
XX4 cancels with that on the exterior of X4, leading toZ Z
X
Giðx; y; n;gÞdndg ¼
I
@X
Ki dn; ði ¼ 1;3;4;5ÞZ Z
X
G2ðx; y; n;gÞdndg ¼
I
@X
K2 dn 2p
ð34Þ
Those limitations on Eq. (33) are now removed: Eq. (34) applies to
any interior point of an arbitrary inclusion and hence Eq. (33) is one
speciﬁc case.
Similar results are obtained for those contour integrals involv-
ing Hi:Z Z
X
Giðx; y; n;gÞdndg ¼
I
@X
Hi dg; ði ¼ 2;3;4;5ÞZ Z
X
G1ðx; y; n;gÞdndg ¼
I
@X
H1 dg 2p
ð35Þ
It is noted that the Green’s function for the stress ﬁeld may be ob-
tained through other approaches. For example, Downes and Faux
(1995) actually obtained the Green’s function by considering a cir-
cular inclusion. In the present study, Chiu’s (1980) solution is
amended and is differentiated to produce a family of functions
G;K, andH, cf. Eqs. (19) and (30). In addition, the appearance of
the line eigenstrain solutionK orH resembles that of an edge dis-
location solution, since dislocation corresponds to a typical line
eigenstrain (Mura, 1991, p. 18).Fig. 3. A rectangular inclusion X4 centered at ðx; yÞ is cut out from X.2.5. Application to QWRs analysis
The QWR is modeled as a hydrostatic inclusion subjected to
plane strain condition, i.e., j ¼ 3 4m. The nonvanishing eigen-
strains, caused by lattice mismatch inside a QWR, are:
ex ¼ ey ¼ ez ¼ e0; e0 ¼
aQWR  aM
aM
ð36Þ
where aQWR and aM are the lattice parameters of the QWR and the
matrix, respectively. For an arbitrarily shaped QWR, the resultant
contribution of the in-plane eigenstrain components, ex and ey, to
the stress ﬁeld are obtained from Eqs. (5), (25) and (16):
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ Ee0
2pð1 m2Þ
Z Z
X
G1 þ G3
G2 þ G3
G4 þ G5
0
B@
1
CAdndg ð37Þ
In view of Eqs. (26), (27), (28) and (34), the stresses are
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ Ee0
2pð1 m2Þ
I
@X
1
R2
Y
Y
X
0
B@
1
CAdn ð38Þ
for the exterior ﬁeld, and
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ Ee0
2pð1 m2Þ
I
@X
1
R2
Y
Y
X
0
B@
1
CAdn
0
2p
0
0
B@
1
CA
2
64
3
75 ð39Þ
for the interior ﬁeld.
Alternatively, an equivalent expression to Eq. (39) for the inte-
rior stress ﬁeld can be obtained from Eqs. (37), (26), (27), (29) and
(35) as:
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ Ee0
2pð1 m2Þ
I
@X
1
R2
X
X
Y
0
B@
1
CAdg
2p
0
0
0
B@
1
CA
2
64
3
75 ð40Þ
Comparison of Eqs. (A11) and (A8) by taking into account Eq. (36)
indicates that the effects of ez on the in-plane stress components
equal to those of m ex þ ey
 
. Therefore, the eigenstrains (36)
yield
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
@
1
A ¼ Ee0
2pð1 mÞ
I
@X
1
R2
Y
Y
X
0
@
1
Adn
¼ Ee0
2pð1 mÞ
I
@X
1
R2
X
X
Y
0
@
1
Adg ð41Þ
for the exterior ﬁeld, and
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
@
1
A ¼ Ee0
2pð1 mÞ
I
@X
1
R2
Y
Y
X
0
@
1
Adn 02p
0
0
@
1
A
2
4
3
5
¼ Ee0
2pð1 mÞ
I
@X
1
R2
X
X
Y
0
@
1
Adg 2p0
0
0
@
1
A
2
4
3
5 ð42Þ
for the interior ﬁeld.
Comparing Eqs. (38)–(40) and Eqs. (41) and (42) shows that in
QWR computation, the effects ez of on the in-plane stress compo-
nents can be readily taken into account by adjusting the term m2
to Poisson’s ratio m. This suggests a feasible approach to interpret
plane inclusion solutions without considering ez , e.g., (Ru, 1999),
in modeling the QWRs. It is also noted that a carefully chosen com-
bination of Eqs. (41) and (42) gives exactly the Eqs. (1) and (3) in
(Faux et al., 1996). However, when applying the Green’s functions
(37) or Eq. (1) in (Downes and Faux, 1995) to the interior ﬁeld, it is
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sion of Section 2.3.
The longitudinal stress component, rz, is obtained from Eqs.
(A12), (A9), (38) and (39):
rz ¼  Ee01 m ð43Þ
for the interior ﬁeld and vanishes outside the QWR. Using Eqs. (41)–
(43), it is found that for any arbitrarily shaped QWR:
rx þ ry þ rz ¼
2Ee0=ð1 mÞ; inside QWR
0; outside QWR

ð44Þ
It is noted that the elastic constants are anisotropic for a crystal
structure, which is not taken into account in the present study.
An example by Faux and Haigh (1990) demonstrated that the
results obtained by assuming isotropic elastic constants differ only
slightly from those derived from the full anisotropic calculation.
One may ﬁnd from Eq. (44) that the trace of the strain tensor de-
pends on the Poisson’s ratio m only. Therefore, an appropriate
choice of the isotropic elastic constants tends to be critical in
predicting the strain relaxation in an actual QWR structures (Faux
et al., 1997).
3. Examples and discussions
The application of the proposed Green’s functions is demon-
strated in this section. Here circular inclusions are considered for
simplicity. From a practical point of view, however, the more
important advantage of the present method is to evaluate the
stress ﬁeld of an arbitrarily shaped inclusion in the entire elastic
plane by means of numerical integration.
3.1. Example 1: linear eigenstrain bounded by two nonconcentric
circles
Consider a subdomain x1 between the two nonconcentric
circles C1 and C2 (Fig. 4):
C1 : ðx x1Þ2 þ ðy y1Þ2 ¼ a21
C2 : ðx x2Þ2 þ ðy y2Þ2 ¼ a22
ð45Þ
Let the inclusion x1 undergo a non-uniform eigenstrain, given in
the form of a linear function of the coordinates as:
ex ¼ Axþ B; ey ¼ cxy ¼ 0 ð46Þ
where A and B are constants. In the following, we ﬁrst determine
the stresses at ðx2; y2Þ and then evaluate the stresses at any point
within the cavity X2.Fig. 4. Eshelby’s inclusion bounded by two nonconcentric circles.Introducing polar coordinates ðS;/Þ as shown in Fig. 4, the
eigenstrain ex (46) in the polar coordinates ðs;/Þ becomes
ex ¼ Ax2 þ Bþ As cos/; ða2 < S < S1Þ ð47Þ
where
S1 ¼ ½ðx2  x1Þ cos/þ ðy2  y1Þ sin/
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a21  ½ðx2  x1Þ sin/ ðy2  y1Þ cos/2
q
ð48Þ
The stress component rx at the center of the cavity is simpliﬁed as
(cf. Johnson, 1985, p. 56):
rxðx2; y2Þ ¼ 
Ax2 þ B
2
Z 2p
0
Z s1
a2
cos 4/þ 2 cos 2/
s
dsd/
 A
2
Z 2p
0
Z s1
a2
ðcos 4/þ 2 cos 2/Þ cos/dsd/ ð49Þ
For any positive integer n,Z 2p
0
Z s1
a2
cosð2n/Þ
s
dsd/ ¼
Z 2p
0
cosð2n/Þ ln s1 d/
¼
Z p
0
cosð2n/Þ ln s1d/þ
Z 2p
p
cosð2n/Þ ln s1 d/
ð50Þ
Using the substitution / ¼ wþ p in the last integral of Eq. (50) and
noting Eq. (48), and Eq. (50) is reduced toZ 2p
0
Z s1
a2
cosð2n/Þ
s
dsd/ ¼ ln a21  ðx2  x1Þ2  ðy2  y1Þ2
h i

Z p
0
cosð2n/Þd/ ¼ 0 ð51Þ
Similarly, the following identity is derivedZ 2p
0
Z s1
a2
sinð2n/Þ
s
dsd/ ¼ 0; ðn ¼ 1;2;3; . . .Þ ð52Þ
The ﬁrst integrals at the RHS of Eq. (49) vanish in view of Eq. (51).
Similar to Eqs. (50) and (51), the second integral of Eq. (49) can be
evaluated, yielding
rxðx2; y2Þ ¼
pA
2
ðx2  x1Þ ð53Þ
Next, for any point ðx; yÞ inside the cavity, there exists a sufﬁciently
small circle C3, centered at ðx; yÞ, such that C3 is completely en-
closed by C2 (Fig. 5). According to the superposition principle, the
stresses at ðx; yÞ may be obtained by subtracting the contribution
of the inclusion bounded by C2 and C3from that of the inclusion
bounded by C1 and C3:
rxðx; yÞ ¼ pA2 ðx x1Þ 
pA
2
ðx x2Þ ¼ pA2 ðx2  x1Þ ð54ÞFig. 5. The stresses at an arbitrary point inside the cavity are obtained from the
principle of superposition.
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ryðx; yÞ ¼ 0
sxyðx; yÞ ¼ pA4 ðy2  y1Þ
ð55Þ
Therefore, it is seen that the stress components inside the cavity are
constant, independent of the radii of the two bounding circles of the
inclusion. To accommodate the concentric case, simply by letting
x2 ¼ x1; y2 ¼ y1; a2 < a1, it is seen from Eqs. (54) and (55) that all
the stress components vanish inside the cavity.
By setting A ¼ 0;B–0 in Eq. (46), Eqs. (54) and (55) show that
such a uniform distribution of eigenstrain ex in the inclusion
bounded by two nonconcentric circles exert no stresses inside
the cavity enclosed by C2. There is a counterpart conclusion for
an inclusion bounded by two similar coaxial ellipses (Kellogg,
1967, p. 22), whose proof resembles to some extent that of Eqs.
(50) and (51), and is omitted here. Techniques discussed in (May-
rhofer and Fischer, 1992) may provide useful manipulations for an
elliptical inclusion. The same result is also found for other uniform
eigenstrain components ey and cxy, which can be readily veriﬁed by
the well-known Eshelby’s solution: The interior stress ﬁeld, cf.
(Mura, 1991, p. 80) of an elliptical inclusion subjected to uniform
eigenstrain is constant, which is independent of the absolute posi-
tion and size of the ellipse provided that the same elliptical shape
is maintained.
Using the results (54) and (55), the interior stress ﬁeld of a cir-
cular inclusion bounded by circle C1 and subjected to eigenstrain
(46) can be calculated, by following the CPV approach discussed
in Section 2.3. The stresses at any point ðx; yÞ inside the inclusion
C1are:
rxðx; yÞ ¼ pA4 ðxþ 2x1Þ 
3
4
pB
ryðx; yÞ ¼ p4 ðAxþ BÞ
sxyðx; yÞ ¼ pA4 ðy y1Þ
ð56Þ3.2. Example 2: stress ﬁeld of a circular thermal inclusion
For a thermal inclusion ex ¼ ey ¼ d; cxy ¼ 0
 
in an inﬁnite elas-
tic plane, the stress ﬁeld according to Eqs. (5), (38) and (39) is:
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ d I
@X
1
R2
Y
Y
X
0
B@
1
CAdn ð57Þ
for the exterior ﬁeld, and
rxðx; yÞ
ryðx; yÞ
sxyðx; yÞ
0
B@
1
CA ¼ d I
@X
1
R2
Y
Y
X
0
B@
1
CAdn d
0
2p
0
0
B@
1
CA ð58Þ
for the interior ﬁeld.Fig. 6. A circular thermal inclusion of radius a in an inﬁnite elastic plane.To demonstrate the application of Eqs. (57) and (58) above, as a
benchmark a circular thermal inclusion of radius a (Fig. 6) is
analyzed. Writing any arbitrary response ﬁeld point ðx; yÞ in the
polar form:
x ¼ r cos h
y ¼ r sin h

ð59Þ
And letting t ¼ r=a, it is seen that 0 6 t 6 1 corresponding to the
interior ﬁeld point and t > 1 for the exterior ﬁeld. Using the follow-
ing substitutions:
n ¼ a cosw; g ¼ a sinw
R2 ¼ r2  2ra cosðh wÞ þ a2 ð60Þ
the contour integral regarding ryðx; yÞ in either Eq. (57) or (58)
becomes:I
@X
Y
R2
dn ¼
Z 2p
0
sin2ðwþ hÞ  t sin h sinðwþ hÞ
t2  2t coswþ 1 dw ð61Þ
The above integration can be evaluated in closed-form, using (cf.
Gradshteyn and Ryzhik, 1965, pp. 366–369)Z 2p
0
sinnw
t22tcoswþ1dw¼ 0; ðn¼ 1;2;3; . . .Þ ð62ÞZ 2p
0
cosnw
t22tcoswþ1dw¼
2ptn
ð1t2Þ ; when t
2 < 1
2p
ðt21Þtn ; when t
2 > 1
8<
: ; ðn¼ 0;1;2; . . .Þ
ð63Þ
Eq. (62) is due to symmetry. The integral in Eq. (63) is carried out
taking advantage of the residue theorem (Churchill et al., 1974),
where some detailed manipulation has been provided in (Jin,
2006, p. 124).
From Eqs. (62) and (63), the contour integral in Eq. (61) is ob-
tained for both the exterior and interior points. Finally, the stress
component ryðx; yÞ is:
ryðx; yÞ ¼
pda2
r2 cos 2h; exterior point
pd; interior point
(
ð64Þ
Similarly, the other two stress components are obtained as
rxðx; yÞ ¼  pda2r2 cos 2h
sxyðx; yÞ ¼  pda2r2 sin 2h
)
exterior point
rxðx; yÞ ¼ pd; sxyðx; yÞ ¼ 0 interior point
ð65Þ
The problem may also be solved by the numerical method dis-
cussed in Section 2.1. In the computation, a square source domain
2a 2a is uniformly discretized into 101 101 patches. The ther-
mal eigenstrains are applied only to the elements whose centers
are located inside the circular inclusion. Comparisons between
the numerical results and the analytical solutions of Eqs. (64) and
(65), for the stresses along the radial direction h ¼ 30, are shown
in Fig. 7, where ðrx; ry; sxyÞ are normalized by pd. Both methods
exhibit good agreement except for those target points located near
the boundary r ¼ a. The error in the numerical computation is
caused by the geometric discretization along the curved boundary,
and can be diminished by a more sophisticated mesh pattern, e.g.,
(Jin et al., 2009).4. Conclusions
Green’s functions for the stress ﬁeld of a plane inclusion/eigen-
strain problem are derived from the rectangular inclusion solution.
The proposed methodology is applicable to various research ﬁelds.
By employing the current Green’s functions, both the interior and
Fig. 7. Comparisons between the numerical results and the analytical solutions, for
the stresses along the radial direction h ¼ 30 .
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which possesses a R2 singularity for the interior problem. The
application of the present study to modeling quantum-wires
structures is noted. For an Eshelby inclusion subjected to uniform
eigenstrains, the formulae are reduced to contour integrals. The
simpliﬁcation for the exterior ﬁeld of the inclusion is derived
directly from Green’s theorem. However, proper adjustment of a
constant term may be necessary for the interior ﬁeld, which con-
tains an isolated singularity. When the stress ﬁeld is of primary
interest, the present study provides a convenient approach for con-
ducting either an analytical or numerical solution to the plane
inclusion problem. The proposed Green’s functions for the stress
ﬁeld are particularly advantageous in the case of non-uniform
eigenstrain, whose numerical computation taking advantage of
the FFT algorithm has been illustrated in (Jin et al., 2008b).
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Appendix A. Stress ﬁeld in an inﬁnite plane due to a rectangular
plane strain inclusion with uniform eigenstrain
Based on Fourier analysis, Chiu (1980) analyzed the stress ﬁeld
for the case of plane stress. It is noted that the results for the plane
strain case can be derived from Chiu’s 3D solution (1977): the
cuboidal inclusion degenerates into a 2D rectangular inclusion cor-
responding to the plane strain condition by letting one of the
dimensions of the parallelepiped become inﬁnitely long. Since
the both cases of plane strain and plane stress are closely related
by interchanging the elasticity constants (Mura, 1991, p. 25), the
results obtained next are used to correct the misprints in Chiu’s
(1980) solution. Unless otherwise indicated, Chiu’s (1977) nota-
tions are employed in this Appendix A.By taking the limit b3 ! þ1, the results in (Chiu, 1977) is re-
duced to the plane strain case. Assume uniform eigenstrain of va-
lue eij inside and zero outside the rectangular region. The total
strain eij at any ﬁeld point ðx1; x2Þ, is expressed in terms of the fol-
lowing vectors Cnðcn1; cn2Þ; ðn ¼ 1;2;3;4Þ
C1 ¼ ðx1  b1; x2 þ b2Þ
C2 ¼ ðx1  b1; x2  b2Þ
C3 ¼ ðx1 þ b1; x2  b2Þ
C4 ¼ ðx1 þ b1; x2 þ b2Þ
ðA1Þ
as
2peij ¼ m1 m e

mmdijkk þ eildjlkk þ ejldilkk 
1
1 m e

kldijkl ðA2Þ
where m is the Poisson’s ratio. The indices i; j; k; l in the above tensor
equation range from 1 to 3, and the summation convention is
adopted for repeated indices. The functions dijklðCÞ are related to
D;jjkl in Eqs. (13)–(16) of Chiu (1980). Their indices are sequence-
independent since they correspond to the fourth spatial derivatives
of an auxiliary quantity in the frequency domain. The closed-form
expression of dijklðCÞ are given as follows:
d1111 ¼
X4
n¼1
ð1Þn tan1 cn2
cn1
 cn1cn2
2 c2n1 þ c2n2
 	
" #
d2222 ¼
X4
n¼1
ð1Þn tan1 cn1
cn2
 cn1cn2
2 c2n1 þ c2n2
 	
" #
d1122 ¼
X4
n¼1
ð1Þn cn1cn2
2 c2n1 þ c2n2
 	
d1112 ¼ 14
X4
n¼1
ð1Þn In c2n1 þ c2n2
 	 2c2n2
c2n1 þ c2n2
 
d1222 ¼ 14
X4
n¼1
ð1Þn In c2n1 þ c2n2
 	þ 2c2n2
c2n1 þ c2n2
 
ðA3Þ
Note that all the components of dijkl containing subscript index ‘‘3”
vanish, as b3 ! þ1. When e12 ¼ e21 ¼ cxy=2, Eq. (A2) may be repre-
sented in the following matrix form:where m1 ¼ 1=ð1 mÞ; m2 ¼ m1  1 ¼ m=ð1 mÞ, and m3 ¼ m1 þ 1 ¼
ð2 mÞ=ð1 mÞ.
The elastic strain, eij, is the difference between the total strain
and the eigenstrain:
eij ¼ eij  eij ðA5Þ
The stress is obtained from the elastic strain through the Hooke’s
law:
rij ¼ kekkdij þ 2leij ðA6Þ
where k and l are Lamé’s constants and dij is the Kronecker delta,
deﬁned as 1 if i ¼ j and 0 if i–j. In view of the following
identity
d1111 þ 2d1122 þ d2222 ¼
2p; ðx1; x2Þ inside X4
0; ðx1; x2Þ outside X4

ðA7Þ
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r11
r22
r12
0
B@
1
CA ¼ E
2pð1 m2Þ
d2222 d1122 d1222
d1122 d1111 d1112
d1222 d1112 d1122
0
B@
1
CA
e11
e22
2e12
0
B@
1
CA ðA8Þ
It is noted that the both stress ﬁelds inside and outside X4 can be
written in a uniﬁed form as shown in Eq. (A8). There are four mis-
prints detected in Eqs. (19)–(21) of Chiu’s (1980) paper. Speciﬁcally,
‘‘tan” in his Eqs. (20) and (21) should be corrected as ‘‘tan1”; ‘‘rð1Þx;1”
in the line below Eq. (21) should be ‘‘rð1Þy;1”; and ‘‘±” in Eq. (22)
should be changed to ‘‘”.
Since all the dijkl containing subscript index ‘‘3” vanish, the
plane strain condition, e33  0, is veriﬁed in Eq. (A2). The stress
r33 caused by the in-plane eigenstrain components is
r33 ¼ mðr11 þ r22Þ ðA9Þ
where r11 and r22 are given by Eq. (A8).
For a generalized plane strain problem, the longitudinal eigen-
strain component e33 may exist. In this case, the nonvanishing total
strains caused by the uniform e33 in the rectangular inclusion are
determined from Eq. (A2):
e11
e22
e12
0
B@
1
CA ¼ me33
2pð1 mÞ
d1111 þ d1122
d1122 þ d2222
d1112 þ d1222
0
B@
1
CA ðA10Þ
Using Eqs. A5, A6 and A7, the stress ﬁelds caused by e33 are obtained
as
r11
r22
r12
0
B@
1
CA ¼ Eme33
2pð1 m2Þ
d1122  d2222
d1111  d1122
d1112 þ d1222
0
B@
1
CA ðA11Þ
Finally, r33 caused by e33 is
r33 ¼ E1 m2 e

33 ðA12Þ
for the interior ﬁeld and vanishes outside the inclusion.References
Aliabadi, M.H., Hall, W.S., Phemister, T.G., 1985. Taylor expansions for singular
kernels in the boundary element method. International Journal for Numerical
Methods in Engineering 21 (12), 2221–2236.
Barber, J.R., 2002. Elasticity. Kluwer Academic Publishers, Dordrecht.
Bimberg, D., Grundmann, M., Ledentsov, N.N., 1999. Quantum Dot Heterostructures.
John Wiley, New York.
Chang, L.L., Esaki, L., Tsu, R., 1974. Resonant tunneling in semiconductor double
barriers. Applied Physics Letters 24 (12), 593–595.
Cheng, J.T., Jordan, E.H., Walker, K.P., 1999. Closed form solution for rectangular
inclusions with quadratic eigenstrains. International Journal of Engineering
Science 37 (10), 1261–1276.
Chiu, Y.P., 1977. Stress-ﬁeld due to initial strains in a cuboid surrounded by an
inﬁnite elastic space. Journal of Applied Mechanics-Transactions of the ASME 44
(4), 587–590.
Chiu, Y.P., 1980. On the internal-stresses in a half plane and a layer containing
localized inelastic strains or inclusions. Journal of Applied Mechanics-
Transactions of the ASME 47 (2), 313–318.
Churchill, R.V., Brown, J.W., Verhey, R.F., 1974. Complex Variables and Applications.
McGraw-Hill, New York.
Cimoroni, M., 1997. Numerical evaluation of a 2-D Cauchy principal value integral
based on quasi-interpolating splines. Analysis in Theory and Applications 13
(4), 1–12.
Cui, Y., Lieber, C.M., 2001. Functional nanoscale electronic devices assembled using
silicon nanowire building blocks. Science 291 (5505), 851–853.
Downes, J., Faux, D.A., 1995. Calculation of strain distributions in multiple-
quantum-well strained-layer structures. Journal of Applied Physics 77 (6),
2444–2447.
Eshelby, J.D., 1957. The Determination of the Elastic Field of an Ellipsoidal Inclusion,
and Related Problems. Proceedings of the Royal Society of London Series A-
Mathematical and Physical Sciences 241 (1226), 376–396.
Faux, D.A., Downes, J.R., OReilly, E.P., 1996. A simple method for calculating strain
distributions in quantum-wire structures. Journal of Applied Physics 80 (4),
2515–2517.Faux, D.A., Downes, J.R., OReilly, E.P., 1997. Analytic solutions for strain
distributions in quantum-wire structures. Journal of Applied Physics 82 (8),
3754–3762.
Faux, D., Haigh, J., 1990. Calculation of strain distributions at the edge of strained-
layer structures. Journal of Physics: Condensed Matter 2 (10), 10289–10302.
Gradshteyn, I.S., Ryzhik, I.M., 1965. Table of Integrals Series and Products. Academic
Press, New York.
Grundmann, M., Stier, O., Bimberg, D., 1995. InAs/GaAs pyramidal quantum dots –
strain distribution optical phonons and electronic-structure. Physical Review B
52 (16), 11969–11981.
Guiggiani, M., Gigante, A., 1990. A general algorithm for multidimensional cauchy
principal value integrals in the boundary element method. Journal of Applied
Mechanics-Transactions of the ASME 57 (4), 906–915.
Huang, Q., Cruse, T.A., 1993. Some notes on singular integral techniques in
boundary-element analysis. International Journal for Numerical Methods in
Engineering 36 (15), 2643–2659.
Ioakimidis, N.I., 1981. On the numerical evaluation of derivatives of cauchy
principal value integrals. Computing 27 (1), 81–88.
Ioakimidis, N.I., 1990. Two-dimensional principal value hypersingular integrals for
crack problems in three-dimensional elasticity. Acta Mechanica 82 (1–2), 129–
134.
Jin, X., 2006. Analysis of Some Two Dimensional Problems Containing Cracks and
Holes. Ph.D. Dissertation, Northwestern University, Evanston.
Jin, X., Hasebe, N., Keer, L.M., Wang, Q., 2009. A comparative study of modeling the
magnetostatic ﬁeld in a current-carrying plate containing an elliptic hole. IEEE
Transactions on Magnetics 45 (4), 1990–1998.
Jin, X., Keer, L.M., Wang, Q., 2008a. A practical method for singular integral
equations of the second kind. Engineering Fracture Mechanics 75 (5), 1005–
1014.
Jin, X., Keer, L.M., Wang, Q., 2008b. Note on the FFT based computational code and
its application. Proceedings of the STLE/ASME International Joint Tribology
Conference 2008, pp. 609–611.
Johnson, H.T., Freund, L.B., 2000. The inﬂuence of strain on conﬁned electronic
states in semiconductor quantum structures. International Journal of Solids and
Structures 38 (6), 1045–1062.
Johnson, K.L., 1985. Contact Mechanics. Cambridge University Press, Cambridge.
Kellogg, O.D., 1967. Foundations of Potential Theory. Springer-Verlag, New York.
King, K.C., Mura, T., 1991. The eigenstrain method for small defects in a lattice.
Journal of Physics and Chemistry of Solids 52 (8), 1019–1030.
Kuvshinov, B.N., 2008. Elastic and piezoelectric ﬁelds due to polyhedral inclusions.
International Journal of Solids and Structures 45 (5), 1352–1384.
Ledentsov, N.N., Bimberg, D., 2003. Growth of self-organized quantum dots for
optoelectronics applications: nanostructures, nanoepitaxy, defect engineering.
Journal of Crystal Growth 255 (1–2), 68–80.
Lee, S.W., Boersma, J., Law, C.L., Deschamps, G.A., 1980. Singularity in Green’s
function and its numerical evaluation. IEEE Transactions on Antennas and
Propagation 28 (3), 311–317.
Liu, S.B., Wang, Q., 2005. Elastic ﬁelds due to eigenstrains in a half-space. Journal of
Applied Mechanics-Transactions of the ASME 72 (6), 871–878.
Love, A.E.H., 1927. A treatise on the Mathematical Theory of Elasticity. University
Press, Cambridge.
Maranganit, R., Sharma, P., 2005. A review of strain ﬁeld calculations in embedded
quantum dots and wires. In: Rieth, M., Schommers, W. (Eds.), Handbook of
Theoretical and Computational Nanotechnology. American Scientiﬁc Publishers
(Chapter 118).
Markenscoff, X., 1996. A note on strain jump conditions and Cesáro integrals for
bonded and slipping inclusions. Journal of Elasticity 45 (1), 45–51.
Markenscoff, X., 1997. On the shape of the Eshelby inclusions. Journal of Elasticity
49 (2), 163–166.
Markenscoff, X., Gupta, A., 2006. Collected works of J.D. Eshelby: The Mechanics of
Defects and Inhomogeneities. Springer, Dordrecht.
Markenscoff, X., Jasiuk, I., 1998. On multiple connectivity and reduction of constants
for composites with body forces. Proceedings of the Royal Society of London
Series A-Mathematical Physical and Engineering Sciences 454 (1973), 1357–
1369.
Markenscoff, X., Wheeler, L., 1996. On conditions at an interface between two
materials in plane deformation. Journal of Elasticity 45 (1), 33–44.
Mayrhofer, K., Fischer, F.D., 1992. Derivation of a new analytical solution for a
general 2-dimensional ﬁnite-part integral applicable in fracture-mechanics.
International Journal for Numerical Methods in Engineering 33 (5), 1027–1047.
Mikhlin, S.G., 1965. Multidimensional Singular Integrals and Integral Equations.
Pergamon Press, Oxford, NY.
Monegato, G., 1994. The numerical evaluation of a 2-D Cauchy principal value
integral arising in boundary integral-equation methods. Mathematics of
Computation 62 (206), 765–777.
Mura, T., 1991. Micromechanics of Defects in Solids. Kluwer Academic Publishers,
Dordrecht.
Mura, T., 1988. Inclusion problems. Applied Mechanics Reviews 41 (1), 15–20.
Mura, T., Shodja, H.M., Hirose, Y., 1996. Inclusion problems. Applied Mechanics
Reviews 49, 118–127.
Muskhelishvili, N.I., 1992. Singular Integral Equations: Boundary Problems of
Function Theory and their Application to Mathematical Physics. Dover
Publications, New York.
Niwa, H., Yagi, H., Tsuchikawa, H., Kato, M., 1990. Stress-distribution in an
aluminum interconnect of very large-scale integration. Journal of Applied
Physics 68 (1), 328–333.
3798 X. Jin et al. / International Journal of Solids and Structures 46 (2009) 3788–3798Nozaki, H., Taya, M., 1997. Elastic ﬁelds in a polygon-shaped inclusion with uniform
eigenstrains. Journal of Applied Mechanics-Transactions of the ASME 64 (3),
495–502.
Nozaki, H., Taya, N., 2001. Elastic ﬁelds in a polyhedral inclusion with uniform
eigenstrains and related problems. Journal of Applied Mechanics-Transactions
of the ASME 68 (3), 441–452.
Ovid’ko, I.A., Sheinerman, A.G., 2005. Elastic ﬁelds of inclusions in nanocomposite
solids. Reviews on Advanced Materials Science 9 (1), 17–33.
Pan, E., Han, F., Albrecht, J.D., 2005. Strain ﬁelds in InAs/GaAs quantum wire
structures: inclusion versus inhomogeneity. Journal of Applied Physics 98 (1),
013534.
Petroff, P.M., Gossard, A.C., Logan, R.A., Wiegmann, W., 1982. Toward quantum well
wires – fabrication and optical-properties. Applied Physics Letters 41 (7), 635–
638.
Ramm, A.G., Smirnova, A.B., 2001. On stable numerical differentiation. Mathematics
of Computation 70 (235), 1131–1153.
Ramsey, J.J., Pan, E., Chung, P.W., 2008. Modelling of strain ﬁelds in quantum wires
with continuum methods and molecular statics. Journal of Physics: Condensed
Matter 20 (48), 485215–485312.Reed, M.A., Bate, R.T., Bradshaw, K., Duncan, W.M., Frensley, W.R., Lee, J.W., Shih,
H.D., 1986. Spatial quantization in GaAs-AlGaAs multiple quantum dots. Journal
of Vacuum Science & Technology B 4 (1), 358–360.
Rodin, G.J., 1996. Eshelby’s inclusion problem for polygons and polyhedra. Journal of
the Mechanics and Physics of Solids 44 (12), 1977–1995.
Ru, C.Q., 1999. Analytic solution for Eshelby’s problem of an inclusion of arbitrary
shape in a plane or half-plane. Journal of Applied Mechanics-Transactions of the
ASME 66 (2), 315–322.
Smith, R.T., Minton, R.B., 2006. Calculus: Concepts & Connections. McGraw-Hill,
Boston.
Stakgold, I., 1979. Green’s Functions and Boundary Value Problems. Wiley, New
York.
Taya, M., 1999. Micromechanics modeling of smart composites. Composites Part A-
Applied Science and Manufacturing 30 (4), 531–536.
Theocaris, P.S., Ioakimidis, N.I., Kazantzakis, J.G., 1980. On the numerical evaluation
of two-dimensional principal value integrals. International Journal for
Numerical Methods in Engineering 15 (4), 629–634.
Tricomi, F., 1928. Equazioni integrali contenenti il valor principale di un integrale
doppio. Mathematische Zeitschrift 27, 87–133.
